



























$\mathfrak{g}=\epsilon 1_{n}C$ ittlewood-Richardson . (1.1)






(1.2) $S_{n}=X_{1}+X_{2}+\cdots X_{n}$ or $X_{1}X_{2}\cdots X_{n}$ or $X_{n}\cdots X_{2}X_{1}$
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. , $X_{n}$ $G$ .
, , $S_{n}$
,
(1.3) $f\mapsto f(S_{n})$ ( $f$ $G$ )
$f$ . $G$ $G$ $\Delta$ : $f\mapsto$










\S $y\triangleright$ [P2] .
, [M] .
$(\Omega, \mathfrak{B}, P)$ , $(S,$ $)$ , X $\Omega$ $S$ ,
$S$ . $\Omega,$ $S$ $C$ $\mathcal{F}(\Omega),$ $\mathcal{F}(S)$ . \S 1
, X $\mathcal{F}(S)$ $\mathcal{F}(\Omega)$ :
(2.1) $\mathcal{F}(S)\ni f\mapsto foX\in \mathcal{F}(\Omega)$
. . (2.1) $*$ - ( $*$ -algebra homomorphism) . ,
$\mathcal{F}(S),$ $\mathcal{F}(\Omega)$ $*$ : $f^{*}(x)=\overline{f(x)}$. $P$ $\mathcal{F}(\Omega)$ (i.e.
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) . (2.1) , $*$ - ,. $\mathcal{B}$ $\mathcal{B}$ $\rho$
,
(2.2) $\xi$ : $\mathcal{A}arrow \mathcal{B}$ $*$ -algebra homomorphism
$\mathcal{B}$ $A$ ( ) . ,
( ) . $\mathcal{B}$ $s\wedge^{\backslash }\backslash$ $\prime tt$
( ) , $\rho$ .
$\xi$
(2.3) $A\ni a\mapsto\rho(\xi(a))\in C$
$A’$ ( ) .
$\underline{\emptyset 1}$ $\mathfrak{B}(H)$ , $t/$ , $\mathfrak{B}(\mathcal{H})$ $R$
.
1, $\mathcal{H}_{2}$ $s$ ’ $\triangleright$ , $\rho$ $\mathcal{H}_{2}$ $\triangleright$ - (i.e.
( 2) ) . $\rho$ $E_{\rho}$ : $\mathfrak{B}$ $($ $1\otimes$ $2)arrowarrow \mathfrak{B}$(7{1)
(2.4) $(u,$ $E_{\rho}v\rangle=tr.X|v\rangle\langle u|\otimes\rho,$ $u,$ $v\in?t_{1},$ $X\in \mathfrak{B}(?i1\otimes 7$ $2)$
. , $|v\rangle(u|$ $w\mapsto(u,$ $w\rangle v$ 1 .
( ) (2.4) tr $(E_{\rho}X\otimes 1)(|v\rangle\langle u|\otimes\rho)$ , :
$\int E[X|S]1_{A}dP=\int X1_{A}dP$ , $A\in \mathfrak{F}$
.
$E_{\rho}$ $([P2]\S 16,\S 18$ $)$ .
(2.5) $E_{\rho}1=1$ , $E_{\rho}X^{*}=(E_{\rho}X)^{*}$
(2.6) $E_{\rho}(A\otimes 1)X(B\otimes 1)=A(E_{\rho}X)B$ , $A$ , B $\in \mathfrak{B}$ ( l), $X\in \mathfrak{B}(\mathcal{H}_{1}\otimes \mathcal{H}_{2})$
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$\mathcal{B}_{i}\subset \mathfrak{B}(H_{i}),$ $\mathcal{B}_{1}\otimes \mathcal{B}_{2}\subset \mathfrak{B}(H_{1}\otimes \mathcal{H}_{2})$ )
(2.7) $X\in \mathcal{B}_{1}\otimes \mathcal{B}_{2}\Rightarrow E_{\rho}X\in \mathcal{B}_{1}$ .
$s$ $([P2]\S 18$ $)$ , $N\in N$
. $0$ , $s$ ’ $\triangleright$ , $\mathcal{B}$0 $\subset \mathfrak{B}$ (7 o) , $\rho_{0},\rho$
$\mathcal{B}_{0}$ , $\mathfrak{B}$( ) . .
$\bullet$ $\mathcal{H}_{[1,n]}=\mathcal{H}\otimes\cdots\otimes \mathcal{H}(n$ $)$ i.e. $\mathcal{H}^{\otimes N}$ $n$
$\bullet$ $1_{[n+1,N]}=1\otimes\cdots\otimes 1$ $(N-n$ $)$ on $\mathcal{H}_{[n+1,N]}$
$\bullet \mathcal{B}=\mathcal{B}_{0}\otimes \mathfrak{B}(\text{ _{}[1,N]})$
$\bullet \mathcal{B}_{n]}=\{X\otimes 1_{[n+1,N]};X\in \mathcal{B}_{0}\otimes \mathfrak{B}(\mathcal{H}_{[1,n]})\}$
$\bullet E_{n]}=E_{\rho\otimes N-n}:Barrow \mathcal{B}_{0}\otimes \mathfrak{B}(H_{[1,n]})$
$(\mathcal{B}, \rho 0\otimes\rho^{\otimes N})$ , $\mathcal{B}_{0}$ . ,
(2.8) $\theta$ : $\mathcal{B}_{0}arrow \mathcal{B}_{0}\otimes \mathfrak{B}(?i)$ , $*$ -algebra homomorphism
. $\theta$ 1 .
$\{e_{i}\}$ ,
(2.9) $\theta_{j}^{i}X=E_{|e_{j})t^{e:}|}\theta(X)$ , $X\in \mathcal{B}_{0}$
. $j_{n}$ : $\mathcal{B}_{0}arrow \mathcal{B}_{n]}$ .
2.10. $j_{0}X=X\otimes 1_{[1,N]}$ , $j_{1}X=\theta(X)\otimes 1_{[2,N]}$ ,
$j_{n}X= \sum_{i,\text{ }}j_{n-1}(\theta_{k}^{i}X)1\otimes 1_{[1,n-1]}\otimes|e_{i}\rangle\langle e_{k}|\otimes 1_{[n+1,N]}$
.
$\{j_{n}\}$ $\theta$ .
( ) $u,$ $u’\in \mathcal{H}0\otimes?\{[1,n-1],$ $v,$ $v’\in$ n
$\langle u\otimes v,$ $(j_{n}X)(u’\otimes v’))=(u, (j_{n-1}E_{|v’)(v|}\theta(X))u’)$
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( , $j_{n}X$ $\mathcal{H}_{0}\otimes \mathcal{H}_{[1,n]}$ ) , $j_{n}$
.
2.11. $E_{n-1]}j_{n}X=j_{n-1}(E_{\rho}\theta(X))$ , $X\in \mathcal{B}_{0}$
. $[P2]\S 18$ .
$\{M_{n}\}$ $S$ , $T$ : $\mathcal{F}(S)arrow \mathcal{F}(S)$
. $\{\%=\sigma[M_{0}, M_{1}, \cdots, M_{n}]$ $E_{n]}$ ,
(2.12) $E_{n-1]}f(M_{n})=(Tf)(M_{n-1})$ , $f\in \mathcal{F}(S)$
. $($ 2.1) (2.2) , $f(M_{n})$ $j_{n}f$ , $(Tf)(M_{n-1})$ $j_{n-1}(Tf)$
. , (2.11) (2.12) .
2.13. $($ 2.10$)$ $\{j_{n}\}$ , $E_{\rho}\theta$ : $\mathcal{B}_{0}arrow \mathcal{B}_{0}$ $\{j_{n}\}$
.
\S 3.
\S 1 , , -
. ,
, . $C$ ,
$\Delta,$ $\epsilon$ . [A] . 3 .
31. $\underline{\emptyset 1}G$ , $\mathcal{W}$ $G$ $(ie$ . $G$ $L$
) . $\Delta L_{g}=L_{g}\otimes L_{g},$ $\epsilon(L_{g})=1(g\in G)$ $\mathcal{W}$ .
82. $f_{fl1}G$ , $\mathcal{R}$ $G$ (Le. $CG$
) . $\Delta f(x, y)=f(xy),$ $\epsilon(f)=f(e)(f\in \mathcal{R},$ $e$ $G$ $)$ $\mathcal{R}$
.
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83. 9 $|)-$ , $\mathcal{U}$ 9 . $\Delta X=X\otimes 1+1\otimes X,$ $\epsilon(X)=0(X\in \mathfrak{g})$
$\mathcal{U}$ .
( ) 3.1-3.3 , ( $*$ - )
. , .
$\mathcal{A}$ $*$ - ( ) . $\Delta$
$\Delta:4-arrow 4\otimes A\subset$ 4 $\otimes \mathfrak{B}$ ( )
, (2.8) $\theta$ $\Delta$ , $\Delta$ $A$
.
( ) (2.7) , 3.2
33 , $\triangle X\in A\otimes \mathcal{A}$ ( ) .
, 3.3 $\mathcal{U}\subset \mathfrak{B}$( ) .
, .
$\Delta_{1}=\Delta,$ $\Delta_{n}=(1\otimes\cdots\otimes 1\otimes\Delta)\triangle_{n-1}(1$ $n-1$ $)$ $\Delta_{n}$ . $A$
$\{j_{n}\}$
(3.5) $j_{n}=\Delta_{n}$ $(n=1,2, \cdots)$
. $\{\Delta_{n}\}$
3.6. $\Delta_{n}$ $=\rho 0\star\rho\star\cdots\star\rho$ $(\rho$ $n$ $)$
. , $\rho 0,$ $\rho$ , $\psi_{1},$ $\psi_{2}\in A’$ $\star$
(3.7) $\langle\psi_{1}\star\psi_{2},$ $X\rangle=(\psi_{1}\otimes\psi_{2},$ $\Delta X\rangle,$ $X\in \mathcal{A}$
.
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$G$ , $\mu$ $G$ ,
$\mu$
$\phi$ . $\mu$ $G$ (i.e.
$\{X_{0}X_{1}\cdots X_{n}\}$ , X $=1,2,$ $\cdots$ ) $\mu$ )
(3.8) $(Tf)(x)= \int_{G}f(y)\mu(x^{-1}dy)=\int_{G}f(xy)\mu(dy)=f\star\check{\phi}(x)$
. , $\check{\phi}(x)=\phi(x^{-1})$ .
3.9. $G$ $=\mathcal{R}\subset \mathfrak{B}(L^{2}(G))(\mathcal{R}$
$L^{2}(G)$ ), $\rho=|ffi\rangle(\ovalbox{\tt\small REJECT}|$ .
, (2.13) $E_{\rho}\Delta$ (3.8) $T$ .
( ) $u,$ $v\in L^{2}(G),$ $f\in \mathcal{R}$ ,
$\langle u,$ $(E_{\rho}\Delta f)v)=tr\Delta f|v\otimes\sqrt{\phi}\rangle\langle u\otimes\sqrt{\phi}|=(u\otimes\sqrt{\phi},$ $\Delta fv\otimes\sqrt{\phi}\rangle$
$= \int\int_{GxG}\overline{u(x)}f(xy)\phi(y)v(x)dxdy=\langle u,$ $(f\star\check{\emptyset})v\rangle$ ( )
$A$ , ,
. , $A$ $\{j_{n}\}$ $j_{n}$







9 , $\{V_{\lambda}\}$ 9 ( ) ,
:
(4.1) $V_{\lambda}\otimes V_{\mu}=$ $N_{\lambda\mu\nu}V_{\nu}$ .
175
$X\in 9$ $X\otimes 1+1\otimes X$ $V_{\lambda}\otimes V_{\mu}$ , $\mathcal{U}$ $(\mathcal{U}$ 9
( 3.3) $)$ .
$\mathcal{L}=\oplus_{\lambda}V_{\lambda}$ , $\mathcal{U}$ $\mathcal{L}$ ( ) . $\sigma_{\lambda}$ : $\mathcal{L}arrow V_{\lambda}$ ,
$\tau_{\lambda}=(\dim\lambda)^{-1}\sigma_{\lambda}$ . , $\dim V_{\lambda}$ $\dim\lambda$ . tr $X\tau_{\lambda}(X\in \mathcal{U})$ ,
$\tau_{\lambda}$
$\mathcal{U}$ . , $\lambda,\mu$ , $V_{\lambda}$ $V_{\mu}$
( ). $\Delta:\mathcal{U}arrow \mathcal{U}\otimes \mathcal{U}$ $\tau_{\lambda}\otimes\tau_{\mu}\otimes\tau_{\mu}\otimes\cdots$ $\mathcal{U}$
$\{\Delta_{n}\}$ . $\mathcal{U}$ 3 , $\{\Delta_{n}\}$ 3 . $Z\in 3$
– , $Z$ $(\lambda(Z_{1}Z_{2})=\lambda(Z_{1})\lambda(Z_{2})$
). $\{\Delta_{n}|_{3}\}$ ,
(4.2) $E_{\tau_{\mu}}\Delta$ : $Z$4 $arrow \mathcal{U}$
.. . .
$?(4.1)$ $N_{\lambda\mu\nu}$ (4.2) $E_{\tau_{\mu}}\Delta$
.
, , 3
. 3 ‘ ‘ , $\lambda$ $\mu$
$($4.2) . , explicit $\Delta$
, $c$




. $G$ W( 3.1)







(4.5) $C_{\lambda\mu\nu}\geq 0$ , $\sum_{\nu}C_{\lambda\mu\nu}=1$ .
$C_{\lambda\mu\nu}$ , $V_{\mu}$ $V_{\nu}$ .
(4.6)
$\bigoplus_{\mu\in S}p_{\mu}V_{\mu}$ $(|S|< \infty, p_{\mu}>0,\sum_{\mu\in S}p_{\mu}=1)$
. $P$
(4.7)
$P( \lambda, \nu)=\sum_{\mu\in S}C_{\lambda\mu\nu}$
(4.8)
$Tf( \lambda)=\sum_{\kappa\in\hat{G}}f(\kappa)P(\lambda, \kappa)$
. (4.8) $f=\delta_{\nu}$ , $T\delta_{\nu}(\lambda)=P(\lambda, \nu)$ .
, [Bl] $G=SU(2)$ , [P]
. $[vW]$ $\epsilon 1_{2}C$ . ( )
. , $SU(2)^{\wedge}$
$–$ [GKR] .
4.9. $L^{2}(G)=\oplus_{\lambda\in\hat{G}}\mathcal{H}_{\lambda}$ (Peter-Weyl) , $\pi_{\lambda}$ : $L^{2}(G)arrow$
. $L^{2}(G)$ 1 $\rho$ $= \sum_{\mu\in S}p_{\mu}(\dim\mu)^{-2}\pi_{\mu}$ $\mathcal{W}$ $\rho$o
, $\mathcal{W}\otimes(\mathcal{W}\otimes \mathcal{W}\otimes\cdots)$ $\rho_{0}\otimes\rho\otimes\rho\otimes\cdots$ . $\mathcal{W}$ $Z$ $\pi_{\lambda}$ ,
$\mathcal{W}$ $\{\Delta_{n}\}$ $\mathcal{Z}$
(4.10) $E_{\rho}\triangle\pi_{\nu}=T\pi_{\nu}$ , $\nu\in\hat{G}$
( $T$ (4.8) ).
( ) $\{\pi_{\nu}\}_{\nu\in\hat{G}}$ $\mathcal{Z}$ idempotents , $\mathcal{Z}$ $\hat{G}$





( ) $L^{2}(G)=\oplus_{\lambda\in\overline{G}}H_{\lambda}$ $\mathcal{W}B\square$ , $\pi_{\lambda}\in Z$ .
$\pi_{\lambda}$
(4.11) $\pi_{\lambda}=\dim\lambda\int_{G}\overline{\chi\lambda(g)}L_{g}dg$
( $L$ $G$ ). (4.11) , $\forall\mu\in\hat{G}$
$A:V_{\mu}arrow V_{\mu}$ , $G$ , Schur , $|_{V_{\mu}}=aI_{V_{\mu}}$
$(a\in C)$ . $\iota/$ - , $\delta_{\lambda\mu}\dim\lambda=a\dim\mu$ .
$=\pi_{\lambda}$ . $(4.11)$ OK.
(412) $E_{\rho} \Delta L_{g}=\sum_{\mu\in S}p_{\mu}\frac{\chi_{\mu}(g)}{\dim\mu}L_{g}$
.
$E_{\rho}\triangle L_{g}=E_{\rho}(L_{g}\otimes L_{g})=L_{g}E_{\rho}(1\otimes L_{g})=($ $tr$ $\rho L_{g})L_{g}$
$= \sum_{\mu\in S}p_{\mu}\frac{1}{(\dim\mu)^{2}}$
$tr$
$( \pi_{\mu}L_{g})=\sum_{\mu\in S}p_{\mu}\frac{\chi_{\mu}(g)}{\dim\mu}L_{g}$ , (4.12) $OK$ .
(4.13)
$E_{\rho} \Delta\pi_{\nu}=\sum_{\kappa\mu}\sum_{\in S}p_{\mu}C_{\kappa\mu\nu}\pi_{\kappa}$
. $\lambda$ $\lambda^{*}$ . $\langle\chi\lambda,$ $\chi_{\mu}\chi_{\nu}\rangle=\langle\chi\lambda\chi_{\mu}*,$ $\chi_{\nu}\rangle$ $N_{\nu\mu\lambda}=$
$N_{\mu\nu\lambda}=N_{\lambda\mu^{*}\nu}$ . (4.3), (4.11), (4.12) ,
$E_{\rho} \Delta\pi_{\nu}=\dim\nu\int_{G}\overline{\chi_{\nu}(g)}E_{\rho}\Delta L_{g}dg=\sum_{\mu\in S}p_{\mu}\frac{\dim\nu}{\dim\mu}\int_{G}\overline{\chi_{\nu}(g)}\chi_{\mu}(g)L_{g}dg$
$= \sum_{\mu\in S}p_{\mu}\frac{\dim\nu}{\dim\mu}\int_{G}\overline{\chi_{\nu}(g)\chi_{\mu}\cdot(g)}L_{g}dg=\sum_{\mu\in S}p_{\mu}\frac{\dim\nu}{\dim\mu}\sum_{\kappa}N_{\nu\mu^{z}\kappa}\int_{G}\overline{\chi_{\kappa}(g)}L_{g}dg$
$= \sum_{\kappa\mu}\sum_{\in S}p_{\mu}\frac{\dim\nu}{\dim\kappa\dim\mu}N_{\nu\mu\kappa}\pi_{\kappa}=\sum_{\kappa\mu}\sum_{\in S}p_{\mu}C_{\kappa\mu\nu}\pi_{\kappa}$ , (413) $oK$.
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